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A NEW GAP FOR COMPLETE HYPERSURFACES WITH
CONSTANT MEAN CURVATURE IN SPACE FORMS
JUANRU GU, LI LEI, AND HONGWEI XU
Abstract. Let M be an n-dimensional closed hypersurface with constant
mean curvature and constant scalar curvature in an unit sphere. Denote by H
and S the mean curvature and the squared length of the second fundamental
form respectively. We prove that if S > α(n,H), where n ≥ 4 and H 6= 0,
then S > α(n,H) + Bn
nH
2
n−1
. Here
α(n,H) = n+
n3
2(n− 1)
H2 −
n(n− 2)
2(n− 1)
√
n2H4 + 4(n− 1)H2,
Bn =
1
5
for 4 ≤ n ≤ 20, and Bn =
49
250
for n > 20. Moreover, we obtain
a gap theorem for complete hypersurfaces with constant mean curvature and
constant scalar curvature in space forms.
1. Introduction
In the late 1960’s, Simons [26], Lawson [16] and Chern-do Carmo-Kobayashi [10]
proved that if M is a closed minimal hypersurface in Sn+1, whose squared length
of the second fundamental form satisfies S ≤ n, then S ≡ 0 and M is the great
sphere Sn, or S ≡ n andM is the Clifford torus. Moreover, they obtained a rigidity
theorem for n-dimensional closed minimal submanifolds in Sn+p under the pinching
condition S ≤ n2−1/p . Afterwards, Li-Li [18] improved Simons’ pinching constant
for closed minimal submanifolds to max{ n2−1/p , 2n3 }. For minimal submanifolds in
spheres, constant scalar curvature implies constant length of second fundamental
form. In 1970’s, Chern proposed the following famous conjecture [9, 10], which was
listed in the well-known problem section by Yau [40].
Chern Conjecture. Let M be a closed minimal hypersurface with constant scalar
curvature in the unit sphere Sn+1. Then the set of all possible values of the scalar
curvature of M is discrete.
Based on the fact that isoparametric hypersurfaces are the only known examples
of closed minimal hypersurfaces with constant scalar curvature in a sphere, and
the scalar curvatures of these isoparametric hypersurfaces have only finite number
of values, mathematicians conjectured that closed minimal hypersurfaces with con-
stant scalar curvature in spheres must be isoparametric. In [19], Mu¨nzner showed
that for a closed isoparametric minimal hypersurface in an unit sphere, the number
of distinct principal curvatures satisfies g ∈ {1, 2, 3, 4, 6}, and S = (g − 1)n.
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During the last three decades, there have been many important progresses on
Chern Conjecture (see [4, 14, 15, 25] for more details). In 1983, Peng and Terng
[23] made a breakthrough on the Chern conjecture. Peng-Terng proved that if Mn
is a closed minimal hypersurface with constant scalar curvature in Sn+1, and if
S > n, then S > n + 112n . In particular, for the case n = 3, they verified that if
S > 3, then S ≥ 6. Afterwards, Yang-Cheng [36, 37, 38] improved the pinching
constant 112n to
n
3 , Suh-Yang [27] improved it to
3n
7 . In 1993, Chang [2] solved
Chern conjecture in dimension three. Recently, Deng-Gu-Wei [12] proved that any
closed Willmore minimal hypersurface with constant scalar curvature in S5 must be
isoparametric. For closed minimal hypersurfaces in spheres, the scalar curvature
pinching phenomenon without the assumption of constant scalar curvature was
investigated by many authors [6, 13, 17, 24, 29, 35, 41].
Let M be an n-dimensional closed submanifold in a sphere. Denote by H and
S its mean curvature and the squared norm of its second fundamental form re-
spectively. For hypersurfaces with constant mean curvature, we have the following
generalized version of Chern’s conjecture.
Generalized Chern Conjecture. Let M be a closed hypersurface with constant
mean curvature and constant scalar curvature in the unit sphere Sn+1. Then for
each n and H, the set of all possible values of S is discrete.
We set
α(n,H) = n+
n3
2(n− 1)H
2 − n(n− 2)
2(n− 1)
√
n2H4 + 4(n− 1)H2.
Cheng-Nakagawa [7] and Xu [30] got the following rigidity theorem for closed hy-
persurfaces with constant mean curvature in a sphere.
Theorem A. Let M be an n-dimensional closed hypersurface with constant mean
curvature in the unit sphere Sn+1. If the squared length of the second fundamental
form satisfies S ≤ α(n,H), then M is either a totally umbilical sphere, or a Clifford
torus.
More generally, the third author [30, 31] proved the generalized Simons-Lawson-
Chern-do Carmo-Kobayashi theorem for compact submanifolds with parallel mean
curvature in a sphere.
In 1990, de Almeida and Brito [11] proved that closed 3-dimensional hypersur-
faces with constant mean curvature and nonnegative constant scalar curvature in
a space form must be isoparametric. In [1], Chang proved that if M is a closed hy-
persurface with constant mean curvature and constant scalar curvature in the unit
sphere S4, then M is isoparametric. Chang [3] also proved that a closed hyper-
surface with constant mean curvature, constant scalar curvature and three distinct
principal curvatures in a sphere must be isoparametric. Later, Cheng and Wan
[8] classified complete hypersurfaces with constant mean curvature and constant
scalar curvature in R4. In 2017, Nu´n˜ez [21] investigated the classification problem
for closed hypersurfaces with constant mean curvature and constant scalar curva-
ture in R5. Recently, Tang-Wei-Yan [28] generalized the theorem of de Almeida
and Brito [11] to higher dimensional cases.
Put
β(n,H) = n+
n3
2(n− 1)H
2 +
n(n− 2)
2(n− 1)
√
n2H4 + 4(n− 1)H2.
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Xu-Tian [32] proved the following second gap theorem for hypersurfaces with con-
stant mean curvature and constant scalar curvature in a sphere, which generalized
Suh-Yang’s second gap theorem for minimal hypersurfaces.
Theorem B. Let M be a compact hypersurface with constant mean curvature and
constant scalar curvature in the unit sphere Sn+1. There exists a positive constant
γ(n) depending only on n such that if |H | < γ(n), and β(n,H) ≤ S ≤ β(n,H)+ 3n7 ,
where n ≥ 4 and H 6= 0, then S ≡ β(n,H) and M = S1( 1√
1+µ2
) × Sn−1( µ√
1+µ2
).
Here µ =
n|H|+
√
n2H2+4(n−1)
2 .
For hypersurfaces with small constant mean curvature in a sphere, there have
been several scalar curvature pinching theorems [15, 33, 34].
When H 6= 0, we set
αk(n,H) = n+
n3
2k(n− k)H
2 − n(n− 2k)
2k(n− k)
√
n2H4 + 4k(n− k)H2,
for k = 1, · · · , n− 1. Then we have
α(n,H) = α1(n,H) < · · · < αn−1(n,H) = β(n,H),
and the isoparametric hypersurfaces Sn−k( 1√
1+λ2
k
)× Sk( λk√
1+λ2
k
) satisfy
S ≡ αk(n,H),
where λk =
n|H|+
√
n2H2+4k(n−k)
2(n−k) for k = 1, 2, ..., n− 1.
It is well known that the possible values of the squared length of the second
fundamental forms of all closed isoparametric hypersurfaces with constant mean
curvature in the unit sphere form a discrete set, which was explicitly given by
Muto [20]. In 2014, Xu-Xu [34] showed that there exists a compact isoparametric
hypersurface with 3 distinct principal curvatures in the unit sphere S3k+1 satisfying
S = 2n+ 3nH2 for n = 3k, where k = 2, 4, 8. A direct computation shows that
α[n
2
](n,H) < 2n+ 3nH
2.
Motivated by Theorem A and the inequality above, we have the following open
problem.
Open Problem. Let M be a compact hypersurface with constant mean curvature
and constant scalar curvature in the unit sphere Sn+1. Assume that
α(n,H) ≤ S ≤ α2(n,H),
where n ≥ 4 and H 6= 0. Is it possible to prove that M must be one of the
isoparametric hypersurfaces Sn−k( 1√
1+λ2
k
) × Sk( λk√
1+λ2
k
) for k = 1, 2? Here λk =
n|H|+
√
n2H2+4k(n−k)
2(n−k) .
In this paper, we first verify the third gap theorem for hypersurfaces in a sphere.
Theorem 1. Let M be a closed hypersurface with constant mean curvature and
constant scalar curvature in the unit sphere Sn+1. If S > α(n,H), where n ≥ 4
and H 6= 0, then
S > α(n,H) +Bn
nH2
n− 1 .
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Here
Bn =
{
1
5 , for 4 ≤ n ≤ 20,
49
250 , for n > 20.
Set
α(n,H, c) = nc+
n3
2(n− 1)H
2 − n(n− 2)
2(n− 1)
√
n2H4 + 4(n− 1)cH2,
and α˚(n,H, c) = α(n,H, c) − nH2. More generally, we prove the following gap
theorem for complete hypersurfaces in space forms.
Theorem 2. Let M be a complete hypersurface with constant mean curvature and
constant scalar curvature in the simply connected space form Fn+1(c) with c+H2 >
0. If
0 ≤ S − α(n,H, c) ≤ Bnmin
{
nH2
n− 1 , α˚(n,H, c)
}
,
where n ≥ 4 and H 6= 0, then S = α(n,H, c) and M is the isoparametric hypersur-
face Fn−1(c+ λ2)× F1(c+ c2λ−2). Here
λ =
n|H |+
√
n2H2 + 4(n− 1)c
2(n− 1) ,
and Bn is the same as in Theorem 1.
Remark 1. Notice that nn−1H
2 < α˚(n,H, c) if c > 0, and nn−1H
2 ≥ α˚(n,H, c) if
c ≤ 0. Thus, Theorem 2 implies Theorem 1.
2. hypersurfaces with constant mean curvature
Let Fn+1(c) be the (n + 1)-dimensional simply connected space form with con-
stant sectional curvature c, and let Mn be a hypersurface in Fn+1(c). We denote
by ∇ the Levi-Civita connection of Fn+1(c), and by ∇ the connection induced on
M . Let ν be a unit normal vector field of M . Denote by h the second fundamental
form of M , which is a symmetric bilinear form given by
∇XY = ∇XY + h(X,Y )ν.
The shape operator A : TM → TM is defined by
A(X) = −∇Xν.
The second fundamental form and the shape operator are related by h(X,Y ) =
〈A(X), Y 〉. The eigenvalues of A are called the principal curvatures of M . If the
principal curvatures are all constant, then M is called an isoparametric hypersur-
face.
We choose a local orthonormal frame {ei} for the tangent bundle of M . Set
hij = h(ei, ej). The mean curvature is given by H =
1
n
∑
i hii. Denote by S the
squared length of the second fundamental form, i.e. S =
∑
i,j h
2
ij . We denote by
hijk the covariant derivative of hij . Then the Codazzi equation implies that hijk is
symmetric in i, j and k.
Suppose that M has constant mean curvature. Then we have the following
Simons’ type formulas.
(1) (∆h)ij = −ncHδij + (nc− S)hij + nH
∑
k
hikhjk,
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(2)
1
2
∆S = |∇h|2 + S(nc− S)− n2cH2 + nH trA3.
Now we suppose that λ is a principal curvature whose multiplicity is 1 at some
point x ∈ M . Then λ is smooth in a neighborhood of x. Let u be the unit
eigenvector corresponding to λ, i.e.
(3) λu = A(u).
Differentiating (3) with respect to a tangent vector X , we get
(4) X(λ)u+ λ∇Xu = ∇XA(u) +A(∇Xu).
Let V be the orthogonal complement of u in tangent space TxM . Then V is an
(n− 1)-dimensional A-invariant subspace. Since |u| = 1, we have ∇Xu ∈ V . Thus
A(∇Xu) ∈ V . Let (·)V denote the projection onto V . From (4) we obtain
(5) X(λ) = 〈∇XA(u), u〉 = ∇h(u, u,X)
and
(6) (λ id−A)(∇Xu) = [∇XA(u)]V .
Since λ idV −A|V is invertible, we get
∇Xu = (λ idV −A|V )−1([∇XA(u)]V ).
Taking covariant derivative of left and right hand sides of (5) with respect to Y ,
we get
∇2λ(X,Y ) = ∇2h(u, u,X, Y ) + 2∇h(∇Y u, u,X)
= ∇2h(u, u,X, Y ) + 2∇h((λ idV −A|V )−1([∇Y A(u)]V ), u,X).
Taking trace, we obtain
(7) ∆λ = ∆h(u, u) + 2
∑
i
∇h((λ idV −A|V )−1([∇eiA(u)]V ), u, ei)
at point x. We choose the orthonormal frame {ei} at x, such that hij = λiδij ,
λ1 = λ and e1 = u. Then formula (7) can be written as
∆λ1 = (∆h)11 + 2
∑
i
k≥2
h21ik
λ1 − λk .
This together with (1) yields
(8) ∆λ1 = −ncH + (nc− S)λ1 + nHλ21 + 2
∑
i
k≥2
h21ik
λ1 − λk .
3. some algebraic inequalities
Let µ1 ≤ · · · ≤ µn be n real numbers, which satisfy∑
i
µi = 0 and
∑
i
µ2i = 1.
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Set
(9) φ =
∑
i
µ3i+
n− 2√
n(n− 1) , η =
√
n
n− 1µ1+1, σ =

∑
i≥2
(
µi +
µ1
n− 1
)2
1
2
.
Lemma 1. The functions φ, η and σ satisfy
(i)
√
n(n−1)
n−2 φ ≥ η ≥ σ
2
2 ,
(ii)
√
n(n− 1)φ ≥ η[3n− 3(n+ 1)η − 2
√
n(n− 1)σ].
Proof. By the definitions, we have
σ2 =
∑
i≥2
(
µi +
µ1
n− 1
)2
= 1− n
n− 1µ
2
1 = η(2 − η).
Since µ1 < 0, we get η < 1. Then we have
η = 1−
√
1− σ2 ≥ σ
2
2
.
By a direct computation, we get
∑
i
(
µi +
µ1
n− 1
)2
(µi − µ1)
=
∑
i
µ3i −
µ1
n− 1
(
n− 3 + n
n− 1µ
2
1
)
(10)
= φ− n− 2√
n(n− 1)η +
µ1
n− 1σ
2.
Thus we have
φ ≥ n− 2√
n(n− 1)η.
Hence we prove inequality (i).
From (10), we have
φ ≥ n− 2√
n(n− 1)η −
µ1
n− 1σ
2 +
∑
i≥2
(
µi +
µ1
n− 1
)2
(µ2 − µ1)
=
n− 2√
n(n− 1)η −
µ1
n− 1σ
2 + σ2(µ2 − µ1)(11)
=
n− 2√
n(n− 1)η + σ
2
(
µ2 − n
n− 1µ1
)
.
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Since
∣∣∣µ2 + µ1n−1 ∣∣∣ ≤ σ, we have
σ2
(
µ2 − n
n− 1µ1
)
≥ σ2
(
− 1
n− 1µ1 − σ −
n
n− 1µ1
)
= η(2− η)
(
n+ 1√
n(n− 1)(1 − η)− σ
)
(12)
≥ η
[
n+ 1√
n(n− 1)(2 − 3η)− 2σ
]
=
1√
n(n− 1)η[(n+ 1)(2− 3η)− 2
√
n(n− 1)σ].
Substituting (12) into (11), we obtain conclusion (ii). 
Lemma 2. Let n ≥ 4 and
Bn =
{
1
5 , for 4 ≤ n ≤ 20,
49
250 , for n > 20.
If φ ≤ Bn2
√
n
n−1 , then η < 0.0445, σ < 0.295 and µ2 − µ1 > 23−3−9
√
n
n−1 .
Proof. Since σ =
√
η(2− η) ≤ √2η, we get from Lemma 1 (ii) that
√
n−1
n φ ≥ η
(
3− 3(n+ 1)
n
η − 2
√
2(n− 1)η
n
)
.
Let
f(η) := η
(
3− 3(n+ 1)
n
η − 2
√
2(n− 1)η
n
)
.
Then we have f ′′(η) < 0.
Case (i). If 4 ≤ n ≤ 20, then we have
f(η) ≥ η
(
3− 15
4
η −
√
38
5
η
)
.
We get from Lemma 1 (i) that
η ≤
√
n(n− 1)
n− 2 φ ≤
n
10(n− 2) ≤
1
5
.
Assume η ≥ 0.0445. From 0.0445 ≤ η ≤ 0.2, we get
f(η) ≥ min {f (0.0445) , f (0.2)} > 1
10
.
This contradicts the condition
√
n−1
n φ ≤ 110 . Therefore, we have η < 0.0445 and
σ =
√
η(2− η) < 0.295.
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Then we have
µ2 − µ1 ≥ − µ1
n− 1 − σ − µ1
=
√
n
n−1 (1 − η)− σ(13)
≥
√
n
n−1 (1 − η −
√
19
20σ)
> 0.667
√
n
n−1 .
Case (ii). If n > 20, then we have
f(η) ≥ η
(
3− 66
21
η − 2
√
2η
)
.
We also get from Lemma 1 (i) that
η ≤
√
n(n− 1)
n− 2 φ ≤
49n
500(n− 2) ≤ 0.11.
Assume η ≥ 0.04305. From 0.04305 ≤ η ≤ 0.11, we get
f(η) ≥ min {f (0.04305) , f (0.11)} > 0.098.
This contradicts the condition
√
n−1
n φ ≤ 49500 . Therefore, we have η < 0.04305 and
σ =
√
η(2− η) < 0.29026.
Then we get
µ2 − µ1 ≥
√
n
n−1 (1− η − σ) > 23−3−9
√
n
n−1 .
Combining the two cases, we prove Lemma 2. 
For integer n > 1, and real numbers c,H , we define
α(n,H, c) = nc+
n3
2(n− 1)H
2 − n(n− 2)
2(n− 1)
√
n2H4 + 4(n− 1)cH2,
(14) α˚(n,H, c) = α(n,H, c)− nH2.
Lemma 3. If H2 + c > 0, then
(n− 2)
√
n
n− 1H
2α˚(n,H, c) = n(H2 + c)− α˚(n,H, c).
Proof. Note that
(15) n(H2 + c)− α˚(n,H, c) = n(n− 2)
2(n− 1)
[
−(n− 2)H2 +
√
n2H4 + 4(n− 1)cH2
]
.
Since
[n2H4 + 4(n− 1)cH2]− [(n− 2)H2]2 = 4(n− 1)H2(H2 + c) ≥ 0,
we get
n(H2 + c)− α˚(n,H, c) ≥ 0.
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It follows from (15) that
[n(H2 + c)− α˚(n,H, c)]2
=
n2(n− 2)2
2(n− 1)2 H
2
[
2(n− 1)c+ (n2 − 2n+ 2)H2 − (n− 2)
√
n2H4 + 4(n− 1)cH2
]
=
n(n− 2)2
n− 1 H
2α˚(n,H, c).
This proves Lemma 3. 
4. Proof of the main theorem
Suppose M is an n(≥ 4)-dimensional hypersurface in Fn+1(c) with constant H
and constant S. Let S˚ denote the squared length of the traceless second fundamen-
tal form, i.e. S˚ = S − nH2. Let α˚(n,H, c) be the constant given by (14). For ease
of notation, we write α˚ instead of α˚(n,H, c). We choose the orthonormal frame
{ei}, such that hij = λiδij , where the principal curvatures λi, 1 ≤ i ≤ n satisfy
λ1 ≤ · · · ≤ λn. Assuming S˚ > 0, we put µi = (λi −H)S˚−1/2. Let φ, η and σ be
functions of µi defined as (9).
Proof of Theorem 2. Without loss of generality, we assume H > 0. Letting δ =
Bnmin
{
n
n−1H
2, α˚
}
, we have α˚ ≤ S˚ ≤ α˚+ δ.
Since S is constant, the formula (2) implies
0 = |∇h|2 + S(nc− S)− n2cH2 + nH
∑
i
λ3i
= |∇h|2 − S˚2 + nS˚(H2 + c) + nHS˚3/2
∑
i
µ3i .
This implies
(16) |∇h|2 + nHS˚3/2φ = S˚
[
S˚ − n(H2 + c) + (n− 2)
√
n
n− 1 S˚H
]
.
By Lemma 3 and the definition of δ, we get
S˚ − n(H2 + c) + (n− 2)
√
n
n− 1 S˚H
≤ α˚+ δ − n(H2 + c) + (n− 2)
√
n
n− 1
(√
α˚+
δ
2
√
α˚
)
H
= δ + (n− 2)
√
n
n− 1
δ
2
√
α˚
H(17)
≤ Bn
√
n
n− 1H
2α˚+Bn(n− 2)
√
n
n− 1
√
α˚
2
H
≤ Bnn
2
√
n
n− 1 S˚H.
From (16) and (17), we obtain
φ ≤ Bn
2
√
n
n− 1 .
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Using Lemma 2, we obtain that the smallest principal curvature λ1 has multiplicity
one. Thus the equation (8) is valid everywhere on M . Inserting λi = µiS˚
1
2 + H
and µ1 =
√
n−1
n (η − 1) into (8), we have
∆λ1 =
2√
S˚
∑
i
k≥2
h21ik
µ1 − µk − ncH
+(nc− S)
[√
n−1
n S˚(η − 1) +H
]
+ nH
[√
n−1
n S˚(η − 1) +H
]2
=
2√
S˚
∑
i
k≥2
h21ik
µ1 − µk
+η
√
S˚
[√
n−1
n (n(H
2 + c)− S˚) + (n− 1)(η − 2)H
√
S˚
]
+
√
n−1
n S˚
[
S˚ − n(H2 + c) + (n− 2)
√
n
n−1 S˚H
]
.
This together with (16) yields
∆λ1 =
2√
S˚
∑
i
k≥2
h21ik
µ1 − µk +
√
n− 1
nS˚
|∇h|2 +
√
n(n− 1)HS˚φ
+η
√
S˚
[√
n−1
n (n(H
2 + c)− S˚) + (n− 1)(η − 2)H
√
S˚
]
.(18)
By Lemma 2, we have
∑
i
k≥2
h21ik
µ1 − µk ≥ −
3− 3−9
2
√
n− 1
n
∑
i
k≥2
h21ik
≥ −1− 3
−10
2
√
n− 1
n

3∑
i
k≥2
h21ik +
∑
i,j,k≥2
h2ijk + h
2
111

(19)
= −1− 3
−10
2
√
n− 1
n
|∇h|2.
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By Lemma 3 and the definition of δ, we have√
n−1
n (n(H
2 + c)− S˚) + (n− 1)(η − 2)H
√
S˚
≥
√
n−1
n (n(H
2 + c)− S˚)− 2(n− 1)H
√
S˚
≥
√
n−1
n (n(H
2 + c)− α˚− δ)− 2(n− 1)H
(√
α˚+
δ
2
√
α˚
)
= −nH
√
α˚−
√
n−1
n δ − (n− 1)
Hδ√
α˚
(20)
≥ −nH
√
α˚−BnH
√
α˚−Bn(n− 1)H
√
α˚
≥ −6
5
nH
√
S˚.
Combining (18)–(20), we obtain
(21) ∆λ1 ≥ 3−10
√
n− 1
nS˚
|∇h|2 +
√
n(n− 1)HS˚φ− 6
5
nηHS˚.
It follows from Lemma 2 that 3η + 2σ < 34 . Using Lemma 1 (ii), we get
(22)
√
n(n− 1)φ ≥ η[3n− (n+ 1)(3η + 2σ)] ≥ 2nη.
By (21) and (22), we obtain
(23) ∆λ1 ≥ 3−10
√
n− 1
nS˚
|∇h|2 + 2
5
√
n(n− 1)HS˚φ ≥ 0.
Since S is constant, the principal curvatures and the sectional curvature of M are
bounded. Thus we can use the Omori-Yau maximum principle [5, 22, 39]: there
exists a sequence of points {xk} ⊂M , such that lim
k→∞
∆λ1(xk) ≤ 0. From (23), we
obtain
(24) lim
k→∞
|∇h|(xk) = 0 and lim
k→∞
φ(xk) = 0.
From (16) and (24), we have
|∇h| ≡ φ ≡ 0
and
S˚ − n(H2 + c) + (n− 2)
√
n
n− 1 S˚H = 0.
By Lemma 3, we get
α˚− n(H2 + c) + (n− 2)
√
n
n− 1 α˚H = 0.
Comparing the above two equations, we obtain S˚ = α˚.
Since φ ≡ 0, we get η ≡ σ ≡ 0. Therefore, M is an isoparametric hypersurface
with two distinct principal curvatures, and the smallest principal curvature has
multiplicity one. ✷
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